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Two-Equation k–¾ Turbulence Model: Application
to a Supersonic Base Flow

Richard Benay¤ and Patrick Servel†

ONERA, 92190 Meudon, France

Base � ows are an important subject of theoretical studies due to the determinant role of the rear part of projec-
tiles, missiles, or launchers in their � ight capabilities. The problem of accurately predicting the aerothermal � elds
in which they are embedded is still not satisfactorily solved by current theoretical methods. However, such � ows
are very useful test cases for improving turbulence modeling because they incorporate nearly all of the funda-
mental problems that can be encountered in supersonic turbulent � ows submitted to strong viscous interactions.
Axisymmetric con� gurationsare appreciable for performing numerous parametrical studies of models due to their
rigorous two dimensionality. In this framework, a theoretical examination of the k–! model is performed, and its
principal distinguishing characteristics with respect to k–" models are used to establish a k–¾ model whose second
variable has a simple physical interpretation. A close examination of the predictive capabilities of these three types
of models is done in comparison with the well documented and largely accepted database from the experiments of
Herrin and Dutton (Herrin, J. L., and Dutton, J. C., “Supersonic Base Flow Experiments in the Near Wake of a
Cylindrical Afterbody,” AIAA Paper 93-2924, July 1993). In particular, the evolution of the � uctuating quantities
predicted by the models in separated � ow are given in detail. The results obtained prove that the simulation of
separated � ows with two-equation turbulence models is still promising in the framework of Reynolds averaged
Navier–Stokes calculations.

Nomenclature
C¹ = constant for eddy viscosity
e; Qe; e¤ = energy per unit mass; instantaneous,Favre averaged,

generalized
i; Qi ; i¤ = internal energy; instantaneous,Favre averaged,

generalized
k = turbulent kinetic energy
Pk = production term
Pr; PrT = laminar and turbulent Prandtl numbers
p; p¤ = mean and generalized pressures
q¤

j ; q¤T
j = laminar and turbulent heat � uxes

r = constant of perfect gases
T = static temperature
Ti j = total tensor of molecular constraints
t = time
QUi = mean velocity components

u; v = axial and radial mean velocity components
u 00

i = � uctuating velocity components
xi = Cartesian coordinates
® = constant of k–! model
¯ = constant of k–! model
° = ratio of speci� c heats
1 = Laplace operator
± = constant of k–¾ model
" = turbulent dissipation
´ = constant for eddy viscosity
µ = temperature de� ned with turbulent � uctuations
¸ = chemical potential per unit mass
¹; ¹T = kinematic and eddy viscosities
º = kinematic viscosity coef� cient
½ = density
¾; ¾0 = normalized and physical mean free paths
¿; ¿0 = normalized and physical mean free times
¿i j ; ¿ T

i j = molecular and turbulent shear-stress tensors
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U ! = characteristic frequency diffusive � ux
Â = constants for diffusion terms
! = frequency of crossing of eddies

Introduction

T URBULENCE modeling with Reynolds averaged Navier–
Stokes (RANS) type methods remains a useful tool for the

study of complex turbulent � ows whose complete direct simulation
would demand prohibitiveCPU times, even with the new generation
of supercomputers. It has been also observed that, among RANS
models, two-equation models often give better than expected re-
sults relative to their apparent simplicity. The use of methods based
on the renormalization group theory (RNG) has allowed a more
rigorous way of establishing the k–" model, from a mathemati-
cal point of view, but the applicability of the method is limited to
incompressible cases.1 Therefore, applications of the forthcoming
evaluationsof closure coef� cients to compressiblecases are extrap-
olations. The k–! model, establishedwith no particularassumption
of incompressibility of the � ow, has been satisfactorily validated
in this context.2 RNG analysis has established, by a perturbation
analysis, the validityof the formula that gives traditionallythe eddy
viscosity of the k–" models based on dimensionalarguments.Thus,
the degree of con� dence for the use of such formulas has been im-
proved,and attentioncan be focusedon the form of the source terms
in transport equations that are the key elements for the calculation
of eddy viscosity.

Validation of such models requires an important number of cal-
culations to perform the adjustment phase of the constants, which
is the indispensablecomplement of the theoretical development of
the model. Such parametrical studies are still dif� cult to execute for
three-dimensionalcon� gurations with the same present technolog-
ical limitations of computers. Therefore, two-dimensional tests are
still important, and among them, axisymmetric � ows are the most
appropriate con� gurations to obtain effective experimental two di-
mensionality.

A satisfactorypredictionof the turbulenceevolution in separated
� ows is still not assumed by any of the presently existing turbu-
lence models. A typical con� guration where an extended zone of
recirculation exists is the base � ow, which constitutes an excellent
test case for validatingany model. Base � ows have been the subject
of numerous experimental and theoretical studies since the 1950s
to understand the physics of such � ows that are of prime impor-
tance for projectiles, missiles, or space launchers. Because of the
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complexity of base � ows, there is still a need to constitute reliable
theoreticaltools for predictingthe drag of afterbodies,as well as the
aerothermal loads on the base region of propelled afterbodies.

The main goal of this study was to assess the ability of the k–¾
two-equation turbulence model to predict the mean � eld and some
� uctuating quantities in a supersonicbase � ow, where ¾ represents
a length scale. The test case chosen is an experiment by Herrin and
Dutton,3 whose results are widely accepted for testing simulations
and have served as database for previous theoretical studies on the
subject.4¡7 Assessmentsof the model are done by comparisonswith
these data and with the results given by three other well-known
models.

Basic Equations and Presentation of the Models
The transport equations for the mean variables of a turbulent

� ow, in the framework of Boussinesq’s hypothesis, are written in
the following form:
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In these equations, the overbar designates Reynolds averaging and
the tilde Favre averaging.The variables indexed with an * are intro-
duced to take into account the turbulent kinetic energy. The various
terms have the following de� nitions:
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where the last equation is the production term and ½" is dissipation.
This choice of variables, considering k as a component of the

pressure, keeps the familiar form of the viscous gasdynamics equa-
tions with only the exceptionof the two last terms of the right-hand
side of the energy equation. These two terms, small in comparison
with the others in this equation, are treated as source terms; the
others are treated totally implicitly.8

The analogy between turbulentand molecular � uctuations is tied
to the concept of eddy viscosity. This concept is the cornerstone of
the most frequently used two-equation turbulence models, which
are based on a relation between the rates of stresses and the rates
of strains expressed as a � rst-degree polynomial function. In these
models, the eddies, or local � uctuations,act essentiallyon the mean
� ow like big particles,so that the concept of eddy viscosityextends,
by pureanalogy, the propertiesof viscosityin gases from thedomain
of laminar � ows (where it is rigorouslyestablished) to thatof mixing
of pseudoparticlesor eddies that constitute, in this approximation,

turbulent� ows. Here we prefer to use the term pseudoparticlerather
than eddy because a true eddy has a large scale,which is not the case
in established turbulent � ow, where the eddies forming very close
to the wall are quickly broken. We concentrate our attention on an
extrapolationto compressible � ows of the k–" RNG model,9 on the
k–" model of Launder and Sharma (LS) (see Ref. 10), and on the
k–! model of Wilcox.11 We will introduce a new k–¾ formulation
derived from the k–! model.

The transport equations of the turbulent kinetic energy k and its
dissipation rate " in the two k–" models are as described next.

Transport of k:
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The only term occurring in the transportof k to be modeled is the
diffusion term, whose exact value is ¡ 1
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where Ti j is the tensorof molecular constraints.With this de� nition,
" represents the work of turbulent displacementsagainst molecular
forces per unit mass and, therefore, the energy transferred from the
turbulentmotions to the molecularones.The compressibilityeffects
are absorbedby this de� nitionof ". To calculatecompressible� ows,
the terms involvingcorrelationof pressuregradientsand divergence
with � uctuations are often neglected. This could be considered as
close to the assumption that the variable " de� ned here is positive;
that is, the work done by molecular forces during � uctuations is
stocked as a supplementary internal energy at the molecular level.

Transport of ":
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.Pk =C¹½"/ is a function of the ratio of turbulent
kinetic energy production to the dissipation rate,9 and Q."/ D 0.

For the LS model, Â" D 1:3, C"1 D 1:44, C"2 D 1:92.1 ¡ 0:3 exp
¡R2
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The k–! model expresses eddy viscosity as a function of the
turbulent kinetic energy k and a frequency ! variously interpreted
by differentauthors.11 It � rst was consideredby Kolmogorov(1942)
as a speci� c dissipationrate and independentlyby Saffman(1970)as
a frequencycharacteristicof the turbulence decay process under its
self-interaction.We will keep this de� nition in mind in the present
work. The transport equations for the k–! model are as follows.11

Transport of k:
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Transport of !:
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where

¹T D ®¤.½k=!/

The closure coef� cients are given by
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where the turbulent Reynolds number Ret is de� ned by

Ret D k=!v

In the high Reynolds number limit (Ret ! 1), the quantities
® ! 5

9 , ®¤ ! 1, and ¯¤ ! 9
100 .

In the framework of the fundamental analogy leading to the
Boussinesq hypothesis, a physical formula can be given for the
eddy viscosity like the one establishedat the molecular level.12 This
formula can be written as

¹T D ´½¾0

p
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where ¾0 is a mean free path for the basic pseudoparticle of the
turbulent� ow in a frame moving with the mean � ow, ´ is a constant,
and

p
.2k/ is the local mean � uctuation velocity.The constants can

be absorbed by using the variable ¾ D ´
p

2¾0.
If we consider now the k–" or k–! models with corresponding

formulas for eddy viscosity, where ¾ is a length scale that can be
evaluated by equating the de� nitions of this eddy viscosity, then we
obtain
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The method for establishingthe transportequationfor " in the k–"
model begins with a rigorous derivation of the transport of � uctu-
ations. This procedure leads to unknown terms that were evaluated
by generalphysicalor dimensionalarguments in the earlier versions
of the model and are now determinedmore rigorously in the incom-
pressible case by RNG techniques,13 at the cost of a considerable
amount of mathematical work. In a different approach, in the k–!
model, transport for ! is directly establishedwith physical intuition
of the phenomena and dimensional arguments. In the framework
of this last type of methodology, and returning to the de� nition of
Saffman (see Ref. 11) relations (8–10) give a time 1=! equal to
¾=

p
k. We can give to this time ¿ an interpretation based on the

representationof the turbulent � ow as a gas of pseudoparticles.In a
frame moving with the mean � ow, and by analogy with the kinetic
theory of gases, we can use a formula from Ref. 12, de� ning the
number !0 of pseudoparticles encountered during a unit time by
one of them moving randomly at a velocity whose statistical mean
is

p
.2k/. In our notation, this formula is

!0 D n$
p

2k (11)

This formula supposes implicitly that ad hoc averaging has been
done on the pseudoparticles of all kinds for the adaptation of the

de� ning equationsgiven in Refs. 12 and 14 to our present variables.
Here, n is the number density of all of the pseudoparticles, and
$ is a local mean cross section where all of the constants that
appear when establishing formula (11) have been integrated. This
kind of evaluation, like the fundamental hypothesis of Boussinesq,
is a priori valid only when collisions between pseudoparticles are
elastic, which is certainly not the case here. However, the ef� ciency
of the subsequent models suggests that it can be partly extended
to more general interactions.The number !0¿0 of collisions during
a time ¿0, which we call the mean free time, such that ¿0

p
.2k/ is

equal to the mean free path ¾0, must be equal to 1; thus, we � nd that
! must be equal to 1=¿ , using the earlier de� ned variables ! and ¿ ,
respectively,equal to !0=2´ and to 2´¿0.

Multiplying Eq. (7) by ¡1=! and adding the product
.z=k/.Pk ¡ ½"/ (the utility of which will be discussed later) to each
side result in the following expression:
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The advection term for ! has been written in condensed form
as ½ d!=dt and the diffusion as r ¢ U ! where U ! is the turbulent
diffusive � ux whose de� nition is
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In the factor z=k, which multiplies the differenceof local incoming
and exiting power densities, the value of the nondimensionalized
positive function z has to be determined, as well ® and ¯ . However,
we will see that it is reasonable to assume the condition

® < z < ¯=C¹ (13)

Thesepowerdensities,integratedovera time dt, are externalwork
done by the mean � ow and internalwork done by the � uctuations.11

We make the assumption that their difference is transmitted to the
system under the form of extra � uctuations, analogous to a thermal
agitation, which can be de� ned as a heat dQ. The second left-hand
side term can be interpreted as the rate of new interacting pseu-
doparticles present in the surrounding of one of them, considered
as the basic material point. If we assume that the � uctuations can
be considered, with a good approximation, as divergence free in a
frame moving with the mean � ow, this rate is assumed to be equal
to the global rate .1=n/.dn=dt/. This notion is close to that of mole
fraction gained or lost by the system in chemical problems. We can
write Eq. (12) in a more suggestive form by de� ning, as in the ki-
netic theory of gases,14 a temperature µ as a function of the mean
kinetic energy of � uctuations per unit mass by the relation k D 0µ .
In this relation, 0 is a constant to be de� ned that has the dimension
of an entropy per unit mass. Equation (12) can be rescaled in the
form
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The left-hand side, in this last form, can be identi� ed as the well-
known generic formula de� ning the density of entropy variation of
a gas,12 and ¸ D k=zn is, therefore,de� ned as a localmean chemical
potential per particle. We can then characterize the right-hand side
as being an explicit expression for this variation. This expression is
a consequence of the complete de� nition of the local entropy per
unit mass s of the open system of pseudoparticles as a function of
three local physical variables. These variables are as follows.

1) Em is the energy per unit mass transmitted to the molecular
motions whose time derivative is "; these motions are statistically
not correlated with the turbulent � uctuations.

2) ET is the energy per unit mass furnished by the mean motion
whose time derivative density is Pk .

3) nD is the number density of pseudoparticles gained or lost
by turbulent diffusion,which is consequentlya positive or negative
component of the total number n.
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With the same approximationas for the global rate of pseudopar-
ticles, nD can be de� ned by the equation
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Equation (14) can be written in the following form:
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By a clear identi� cation, Eq. (16) gives the derivatives of s with
respect to the three variables just de� ned. The functions ® and ¯
appearing in Eq. (16) are used, for instance, by the k–! model
and determined in a partly empirical way. With condition (13) im-
posed earlier to the triplet .®; ¯; z/, S is ensured to be positive in
the major part of the � ow, but the openness of the local system of
pseudoparticlesallows possible negative values in restricted zones.
The k–! model has, thus, been included in the framework of broad
physical hypotheses, which are consequences of Boussinesq’s ap-
proximation.The derived entropycondition could be a useful guide
for establishing new correcting factors for the source terms.

Transport Equation for the Mean Free Path ¾
By conserving, in each of the two models, the primitive transport

equation for k and by use of Eq. (9) or (10), we have the following
generic form for transportequationsfor ¾ equivalentto the transport
equation for " or !:
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and when the transport of ¾ is deduced from the transport of ",
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This general formulation allows an easy implementation of all
two-equation transport models in a single code, by passing from
one model to the other with a simple exchange of the source terms
constants. There is another advantage in that viscosity is a product
of scalar variables. This avoids numerical divergence in regions
of evanescent turbulence and rejects singularities and the use of
corresponding limiters to the source terms. The k–! calculations
will be made with the k–¾ variables and will be named .k–¾ /! . In
this context, the wall condition for !, which must take into account
the singularity of ! at the wall,11 will be replaced by the simpler
condition ¾ D 0. In a purely mathematical setting, this condition
is a consequence of the 1=y2 near-wall-like behavior of ! and of
the de� ning relation (10). On a physical basis, it comes from the
mean free time being null because the pseudoparticles are not yet
individualizedat the wall.

An important general result of the RNG analysis applied by
Yakhot and Orszag to incompressibleturbulent � ows13 is the equal-
ity, at high turbulentReynoldsnumbers,of the constantsconnecting
eddyviscosityto the turbulentdiffusivitiesof the scalars transported
in the � ow. The effectiveconstancyof this generalizedPrandtl num-
ber is a fundamental hypothesis well established by experiment.
Thus, in this context, a common value has been deduced for the
classicalPrandtl number PrT and the constantsÂk and Â" ; this value
is 0.7179 (see Ref. 9). This fundamental result will be extrapolated

to the following compressible application for the diffusion terms in
k and ¾ transport equations.

In Eq. (17), the product C"1 Pk appearing in the � rst source term
when the RNG is used is equal to 1:42Pk C (higher-order terms of
the mean strain rate) in the case of weak strain rates9; the homolo-
gous part of this source term, when the k–! model is used, is ® Pk

and is equal to . 5
9 /Pk in a fully turbulent � ow.11 Therefore, these

corrected contributions to the � rst source term in fully turbulent
and weakly strained � ows (whose limit case is, for instance, a grid-
generatedturbulencein a uniformmean � ow15 ) are in a ratio ± equal
to ( 5

9
)=1.42. The basic idea for improving the k–¾ formulation was

to transition from the .k–¾ /! model to a model .k–¾ /1 by replac-
ing the contribution ®Pk by a function of C"1 Pk , which is null for
zero values of Pk . While linearly approximating this functional de-
pendence, we � x the remaining proportion coef� cient by forcing
the .k–¾/1 model to be equivalent to the .k–¾ /! when the � ow ap-
proaches the limit case of a homogeneous turbulence submitted to
negligiblemean gradients.15 This condition is realized by substitut-
ing ±C"1 for the correcting factor ®, which gives the .k–¾ /1 a more
complex RNG-like correction in the high gradient areas of the � ow.
The correctingfactor that, in the k equation,multiplies½" in the k–!
model is not used in the .k–¾ /1 model, and " is replaced in the two
transport equations by its value obtained from Eq. (9): C¹k3=2=¾ .
Explicitly, the transport equation for ¾ in the .k–¾ /1 model is
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The � rst performed parametrical studies have shown that mod-
i� cations of ® and ¯ such that condition (13) is violated lead
to divergences of the calculation or drastically unphysical solu-
tions. It seemed interesting to perform a parametrical study by
perturbing slightly the basic .k–¾ /1 model, to test its sensitivity
to variations of the production source term controlled by the pa-
rameter ±. Several calculations were performed with changes in
the values of ±, which modi� ed the results without improvement.
The variant of the k–¾ model corresponding to the value . 6

9 /=
1.42, in which the results are close to those given by the .k–¾ /!

model, was retained as an example and named .k–¾/2 . The impor-
tant effect of this empirical matching of a correcting source term
will illustrate that the evaluation of the creation/destruction term is
a key factor for the determination of the Reynolds stresses.

Application of the Models to the Prediction
of a Base Flow

Computed Case and Conditions of Calculations
The described models will be validated on data provided by the

experiments of Herrin and Dutton,3 which were performed in a
test facility specially designed to generate axisymmetric � ows.16

In particular, pro� les of mean and � uctuating velocity � elds in the
recirculating� ow are furnishedby laserDopplervelocimetry(LDV)
measurements. The real Mach number has been determined from
LDV3 to be 2:46 § 1%, whereas the static wall pressure measured
just upstream of the base corner correspondsto a uniform � ow with
a Mach number of 2.44. During the present calculations we have
chosen an upstream Mach number M0 D 2:45.

The present calculations have been performed by using the
NASCA research code, which uses an extension of the Osher and
Chakravarthy scheme17 to accommodate locally nonuniform grids.
This codehas beenpreviouslyvalidatedon laminar high Mach num-
ber � ows to avoid uncertainties due to turbulence models.18 The
near-base part of the rectangular 201 £ 281 mesh and an example
of calculatedstreamline pattern obtained with the .k–¾/1 model are
both shown in Fig. 1. The rapid variations of the � elds and the tur-
bulent mixing in the shear layer forming at the base shoulderare the
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Fig. 1 Calculation grid and organization of the � ow: ——, streamlines and – – – , constant pressure levels.

Fig. 2 Boundary-layer pro� les at X/D = ¡ 0:0157.

� rst challenge for the modeling of the mean and � uctuating � elds.
Good precision in the prediction of the nearly constant pressure in
the recirculating bubble, limited by the mixing layer and the rear
stagnationpoint on the axis, is fundamental for base drag prediction
(constant pressure levels are shown as dashed lines in Fig. 1). The
recompression subsequent to the � ow� eld realignment at the rear
stagnation point is visible in Fig. 1, at the point where the recircu-
lating � ow progressively changes into a wake. The mesh has been
de� nedby careful studyof the spatialconvergencein which the opti-
mum re� ning at the walls was determined,especially the transverse
grid distribution on the base. The criterion for spatial convergence
was to stabilize the solutions obtained with different grid resolu-
tions within a 1% margin for the more sensitive variables, which
were the pressure and the shear stress in the reversed � ow region.
The numerical study with each turbulencemodel was performedon
this mesh with typical CPU times of 20–30 min on the ONERA
NEC SX5 computer.

The experiment of Herrin and Dutton3 provides us with data on
the evolution of the boundary layer on a restricted part of the body
beginningat a distance X D ¡0:079D from the base (D is the cylin-

drical body diameter). The experimentalpro� les at this location are
takenas the upstreamboundaryconditionfor thecomputations.Pro-
� les of " or ¾ are calculated on this upstream boundary from the
experimental values of k and u0v 0 by making the theoretical evalu-
ation of the correlation used in the general formulation equal to the
measured value. The resulting computed boundary-layer pro� les
and cross correlation are shown in Fig. 2, just before the separa-
tion point (at X D ¡0:0157D upstream of the base corner). At this
location,theexperimentalpro� le of k is not given.Discrepanciesap-
pear in the predictionof thenear-wallvaluesof the � uctuating� elds.
The .k–¾ /! model includes low Reynolds number corrections via
the factor ® and an intermittency factor ®¤ [see Eq. (7)]. The LS
model is also equipped with such corrections[see Eqs. (4) and (5)],
but the strong overpredictionobserved in Fig. 2 for the shear stress
level in the boundary layer suggests that the diffusion and source
terms used in this model, which introduce supplementaryeffects of
high variationsof k [with R.k/], and of the concavityof the velocity
pro� les [with Q."/] have to be reexamined. The following results
will con� rm that the estimations of the � uctuating quantities by
the LS model are excessive for the majority of the � ow. The RNG
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model possessesin its structure the accountingof laminar–turbulent
transition, avoiding in principle the use of near-wall corrections.9;19

In fact, a recent paper suggests supplementary corrections with in-
termittence factors.20 For the calculation done here, such a factor
has been de� ned for the viscosity, in the case of the RNG and k–¾
models, following theoretical arguments on the asymptotic behav-
ior of the near-wall velocity � eld.21 This factor has the following
well-known general form:

Fig. 3 Base pressure pro� les.

Fig. 4 Pro� les at X/D = 0:039.

f D 1 ¡ exp.¡At=¿ /

where A is an empirical constant and t=¿ has been chosen here to
be the ratio of turbulent and laminar mean free times evaluated by
using the considerationsgiven in the second section. Explicitly, we
have t=¿ D .¹T =¹/.rT=k/. The localmolecularmean velocity� uc-
tuation, furnished by the kinetic theory of gases, is equal to

p
.rT /.

The main problemfor evaluatingsuch a correctionis the lack of data
very close to the wall. It has also been noticed in recent experimen-
tal studies that the in� uence of wall roughness on Reynolds stress
is considerable.22 It has been veri� ed that the damping factor used
here avoided unrealistic levels of the computed near-wall � uctuat-
ing � elds that had previously been observed in computationsusing
uncorrected formulas.

Discussion of Results
Base Pressure Prediction

The distributionsof the calculatedand experimentalpressuredis-
tributionson the base are shown in Fig. 3. The experimentalvalueof
the ratio pc=p1 of the mean base pressure to the uniform upstream
pressure is equal to 0.55. This level is 10% higher than data on base
� ows at the same Mach number extracted from earlier experimental
compilations.23 A satisfactory base pressure prediction is given by
the RNG and k–¾ models only in a region close to the axis. The
valuesobtainedin the externalpartof the base are underpredictedby
15–20% with the .k–¾ /1 model and by 25% with the LS model. This
is the consequenceof an importantoverestimationof the magnitude
of the radial stream in the near-base part of the bubble. The exag-
gerated level of the calculated longitudinal negative velocities on
the axis, decelerating while approaching the base, has induced this
last effect by generatingthe pressurebump observed in the centerof
the base. A global overprediction of the expansion after separation
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at the base shoulder characterizes all of the models. The signi� -
cantly too low pc=p1 ratio given by the RNG and .k–¾/1 models
are, respectively,equal to 0.49 and 0.48.The .k–¾ /! model presents
qualitativelythe same defects, but predicts a more satisfactorymean
pressure ratio of 0.52,whereas a value of 0.5 has beenobtainedwith
the .k–¾ /2 model. The pressurelevels given by the LS model are too
low everywhere, with the resulting mean ratio 0.46. The damping
factor correcting the viscosity in the calculations is removed just
downstream of the base, except for the LS and k–! models, as rec-
ommended for their general applications in Refs. 10 and 11. These
base pressurevalues are considerablycloser to experiment than that
obtainedwith a Baldwin–Lomax (BL) calculation(Fig. 3), in agree-
ment with previous studies.4 However, they contradict overpredic-
tive results obtained with other two-equation models.6 In a recent
computationusing large-eddysimulation (LES),7 a level of 0.52 for
the mean base pressurewas obtained;however, a close examination
of the radial pro� les in the reversed � ow region was not within the
scope of the study. Here, a global validation considering all of the
measured� elds has been taken into accountbefore focusingon base
pressure values.

Radial Distributions of Field Properties
At a distance X D 0:039D downstream of the base, the � ve mod-

els give satisfactory results in the prediction of the axial mean ve-
locity pro� les in the mixing layer (Fig. 4, with zoomed parts for the
details of this layer), but radial mean velocity levels are too high.
The .k–¾ /1 modelgivesgoodpredictionsof the shear stresses in this
high-gradientzone. The LS and .k–¾ /! models underestimateboth
the turbulentkinetic energy and shear stress equally.The quasi-zero

Fig. 5 Pro� les at X/D = 0:63.

values found by the .k–¾/! are particularly unphysical. Less satis-
factoryresultsare given by the .k–¾ /1 for the kinetic energy, similar
to thosegiven by the k–" models. The evolutionbetween the mixing
layer and the axis, of the cross correlations,is more realisticwith the
.k–¾/! and k–¾ models. The exaggerated level of radial velocities
in the near-base part of the � ow also clearly appears. This discrep-
ancy is smaller with the k–" models. The axial velocity pro� les are
all satisfactory.

Pro� les obtainedin themiddle of the bubble,at X D 0:63D down-
stream of the base, are shown in Fig. 5. The velocity pro� les in the
mixing layer are well predictedby the .k–¾ /! model. The evolution
of k is qualitativelysimilar to the one givenby the othermodelswith
a globally lower level, which is satisfactoryon the axis but unrealis-
tic in the mixing layer.A more accuratepredictionof the shear stress
characterizesboth the k–" and .k–¾ /1 models. The coincidencebe-
tween the .k–¾ /1 and RNG models, on the one hand, and between
the .k–¾ /2 and .k–¾ /! models, on the other hand, appears clearly
on the k and u0v 0 pro� les. With the two k–" models, nonrealistic
positive values of the Reynolds stress appear in the expansion fan
emanating from the base corner. A bump in turbulentkinetic energy
pro� les is also produced at the upper boundary of the mixing layer.
The level of these nonexisting � uctuations are particularly impor-
tant in the LS model calculation. Prediction of the maximum shear
stress levels by the LS model in the mixing layer is better, but is
accompaniedby higher levels of kinetic energy than with the RNG
and k–¾ models. A salient fact is the smoothing by the models of
the shear stress evolution during the rapid transition between the
mixing layer and the reversed � ow. This smoothing explains the
inability of the models to predict the nearly constant reversed � ow
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region in the immediate proximity of the base. The defect comes
from an overprediction of the negative axial velocity on the axis.
This too large radial variation of the axial mean velocity is also due
to an excessive evaluation of the eddy viscosity in the part of the
bubble situated near the axis.

The results obtained by the RNG and .k–¾ /1 models are particu-
larly satisfactory at the rear stagnationpoint, located at X D 1:26D
(Fig. 6), except for the k pro� le. The good agreement of the ax-
ial velocity pro� le with experiment proves that the position of this
stagnation point is well predicted by the two models. This result is
complementedby a correct calculationof u0v 0. Note that the .k–¾ /!

and .k–¾ /2 models overestimate the separatedbubble length,which
is apparent from the still negativevalues in the axial velocitypro� le.
This de� ciency is also observed in the calculation of the Reynolds
stresses; however, the pro� le of k obtained with these models is
still rather satisfactory. Pathological behaviors of the k–" models
are con� rmed in shear stress and kinetic energy pro� les at the level
of the compressionand expansion fans. The LS model signi� cantly
overpredicts the turbulent quantities. A local maximum of radial
velocity is generally predicted at a distances from the axis of ap-
proximately0:45D. The experimentalbump is situatedbelow0:4D.
This may be a consequenceof an anticipationof the calculatedposi-
tion of the origin of the compressionfan with respect to experiment.
This compression has more effect on the transverse � ow.

Farther downstream, at X D 2:52D, a classical wake is consti-
tuted (Fig. 7). The RNG and .k–¾ /1 models give still close results,
except for the nonexisting � uctuations found by the � rst model in
the external part of the wake. Wake velocity pro� les are correct.
The remaining discrepancies are an overprediction of k on the axis

Fig. 6 Pro� les at X/D = 1:26.

and shifts in the calculated position of the maximum shear stress
with respect to the experiment and in the localization of the shock
emanating from the stagnation point (visible as a discontinuity on
the radial velocity pro� les). The origin of this last discrepancy has
been explained at the end of the preceding paragraph. Other dis-
crepancies characterize the (k–¾ /! model: The axial velocity and
shear stress pro� les are not well predicted. The behavior of the
.k–¾/2 model remains closer to that of the .k–¾ /! . The results of
the LS model for the mean velocities � t those of the .k–¾ /1 and
RNG models, but the crossing of the radial velocity pro� le by the
shock is smoothed. The prediction of the shear-stress pro� le is still
characterizedby an unphysicalbump at the level of the shock issued
from the reattachment region. The important excess of turbulent ki-
netic energy given by this model tends to propagate to the entire
wake.

The evolution of the turbulent kinetic energy on the axis is more
satisfactorilypredictedby the .k–¾ /! and .k–¾ /2 models.However,
the earlier comparisons show that this result does not constitute a
suf� cient criterion for establishing the global validity of the model.
In fact, except for the overprediction of the reversed � ow velocity
along the axis, the .k–¾ /! and .k–¾ /2 models on one side and the
.k–¾/1 and RNG models on the other side present complementary
discrepancies. The levels of velocity � uctuations given by the LS
model surpass those given by all of the other models. Note the
key role of the function C"1, chosen as correcting coef� cient to the
production source term in the k–¾ models and extracted from the
RNG model. Slight modi� cations of the constant multiplying C"1

nearly allow an interpolation between the nonequivalentRNG and
.k–¾/! models.
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Fig. 7 Pro� les at X/D = 2:52.

Conclusions
The starting point of the present work was an analysis of two

updatedtwo-equationturbulencemodels: a versionof the k–" model
corrected by Yakhot and Orszag13 by the use of RNG and the k–

! model of Wilcox.11 The Launder and Sharma version10 of the
k–" model was also considered for comparative evaluations.These
three models are derived by methods that can be distinguished by
different mathematical and physical considerations. In particular,
RNG techniquesare a powerfultoolcurrentlyused in manybranches
in physics. The model used here is a special adaptation to turbulent
transport in aerodynamics of these techniques.

A new physical interpretation has been established for the k–!
model with the goal of obtaining a coherence between this model
and the global Boussinesqhypothesis.The result was a � rmer phys-
ical justi� cation for the ! transport equation, which was previously
established on the grounds of purely dimensional arguments. The
second transport equations of the k–" and the k–! models were
rewritten using the variable ¾ interpreted as a mean free path for
the pseudoparticles materializing turbulent � uctuations. A clearer
understandingof the physical signi� cance of the variable is gained.
A key issue of this new formulation was to con� rm the role of the
source terms in the transport equation of the second variable for
obtaining satisfactory predictions of the calculated � elds. To this
end, an in� uencing source term was localized and, after establish-
ing a theoreticallyequivalentmodel of the k–!, that is, .k–¾ /! , two
supplementaryvariants, .k–¾ /1 and .k–¾ /2 , were de� ned.

After testing the models with the speci� ed test case, it is shown
that the .k–¾ /1 and the RNG models provide similar results. These
models appear to be more predictivethan the .k–¾ /! and the .k–¾ /2

models in theextendedviscouszonescharacterizingthis � ow. These
last two models also provide similar results. The LS model poses
more serious problems due to the low overall corrective capabili-

ties of its added source terms. This study proves that two-equation
turbulence models, if not suf� ciently predictive in separated � ows,
are still perfectible.These models will remain the most widely used
models in industrial applications, when the still prohibitive cost of
more complex techniquesin terms of computer time are considered.
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